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PESIN THEORY AND EQUILIBRIUM MEASURES ON THE 

INTERVAL 

NEIL DOBBS 



Abstract. We use Pesin theory to study possible equilibrium measures for 
piecewise monotone maps of the interval. The maps may have unbounded 
derivative. 



1. Introduction 

Our goal is to study possible equilibrium measures for rather general piecewise 
monotone maps of the interval, possibly with discontinuities. In [Bj, we developed 
pH ■ Pesin theory for interval transformations with unbounded derivative and studied 

properties of measures absolutely continuous with respect to Lebesgue measure. 
Here we use the theory to investigate measures absolutely continuous with respect 
to some conformal measures, mirroring work we did in [7]. 

In general, equilibrium measures are probability measures which encode dynam- 
ical information for large sets of points (those seen by the measure) with some 
property and they maximise (or minimise, depending on the definition) the free 
energy with respect to the corresponding potentials. Measures of maximal entropy 
and absolutely continuous invariant measures are important examples of equilib- 
rf\ \ rium measures. Existence and uniqueness of equilibrium measures have long been 

of interest, see [TUl HI HHI UHl 1201 EH IS HI HI US HS1 E], for example. We show 
f- ^ \ in this paper that equilibrium measures must often be of a certain form. In some 

£f) ■ cases this allows to show uniqueness ([H])- The main result is Theorem |6] 

The techniques and proofs rely heavily on those of jH [7] . Each of those articles 
extended work on Pesin theory of F. Ledrappier |12[ 113) . Lemma 1141 is new, we 
provide some additional detail in Lemma 1 161 and Proposition [17] is different, but 
for the most part we refer to [6j [7] for the proofs, so this paper remains brief, 
jrt | We consider maps / defined on a finite union of open intervals. This does not 

preclude gaps where / is undefined and is thus quite general. Our results also apply 
to smooth multimodal maps, for example, as interesting measures tend not to live 
on the critical orbits, and removing critical points from the domain will give a cusp 
map. We allow unbounded potentials (from logarithm of the derivative) and also 
unbounded derivatives, providing an alternate approach to that of [4]. Using the 
natural extension and looking at measures with positive Lyapunov exponent lets 
us control distortion along almost all backward branches. 

Definition 1. Let I be a non-degenerate compact interval and let I\, . . . ,I p be a 
finite collection of pairwise disjoint open subintervals of I. Following [6], a map 
f : U?=i Ij -^ I is a weak piecewise monotone cusp map (with constants C, e > 0) 
if on each Ij, 



Date: April 12, 2013. 



NEIL DOBBS 

/ : Ij — > f(Ij) is a diffeomorphism; 

for all x,x' such that \Dfj(x)\, \Dfj(x')\ < 2. 

\Dfj(x) - Dfj(x')\ < C\x - x'\ € 

for all x,x' such that \Dfj(x)\, \Dfj(x')\ > 2 _1 , 

' ' < C\x 



Df 3 {x) Df 3 {x>) 

We say f is a piecewise monotone cusp map if, in addition, on each Ij and for 
each x' € dlj, lmi x ^ x > Df(x) equals or ±oo. 

Thus the difference between being weak or not is the derivative condition at the 
boundary of the domain of definition. Note that we assume that / is defined on 
a finite collection of intervals. In [6], we started off allowing / to be defined on a 
countable collection of intervals, but for some results subsequently assume that / 
has at most a finite number of discontinuities (on top of being piecewise monotone). 
In this paper, the additional hypothesis appears in the definition. 

We shall restrict our attention to Borel-measurable sets and Borel measures, 
without further mention. 

Let </> : / — > R be a Holder continuous function and let ( eR. Consider the 
relation 

(1) m(f(A)) = f e^Dffdm. 

J A 

Definition 2. Let X',X C K and let f : X' — > X be diffeomorphic on each 
connected component of X' . We say a measure m is {<f>, i)-conformal for f if (Q]j 
holds for every set A on which f is injective. 

We emphasise that we do not require the conformal measure to be finite, though 
we will require it to be finite on some open subinterval for our main result. There 
are indications this could be useful in applications when it is sometimes hard to 
construct a well-behaved finite conformal measure. 

We denote by h^ the entropy of an invariant probability measure fi. Given a 
potential function ip : X — > M, we can define the pressure 



P(iP, /):= sup Ih^ + J^dfA 



where the supremum is taken over all invariant probability measures fi. Any mea- 
sure /i realising this supremum is called an equilibrium state or equilibrium measure 
(for the potential ip). An equilibrium state /i for ip is also an equilibrium state for 
-ip + C for every constant C, and in particular for the potential V'o : = "0 ~ ^ > (V ; ) /)■ 
Clearly P(ip ,f) = 0, so 

/ip = / -ipod/J,, 

for the equilibrium state fi. Conversely, if P(ipo, /) = and h^ — J —ip^d^,, then /j, 
is an equilibrium state. Often one can show that there is a (tfi, i)-conformal measure 
when P(—(j> — t\og \Df\, f) = 0. If that is the case, then a measure satisfying the 
equivalent conditions in the main theorem is an equilibrium state. 

Definition 3. Let f be a cusp map with a {<p,t)- conformal measure m. Let U be 
an open interval. We call G an expanding induced Markov map for (/, m) if there 
is a countable collection of pairwise disjoint intervals Ui C U such that: 
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• m{U) > 0; 

• m(U\\J i U i ) = 0; 

• for each i, there exists rii such that f(tl = Gijj. : Ui — > U is a diffeomor- 
phism; 

• there exist C'o,6 > such that, for each i and each j < n*, 

\Df(x)\>C e 5j 

forallx£f n *-J(Ui); 

• there exists C\ > such that on each Ui, G has distortion bounded by C\ 
and \DG\ > 2. 

If additionally ^2 i nim(Ui) < oo, then we say that G has integrable return time. 

Lemma 4. Let G be as per the definition and suppose G has integrable return time. 
Let v (cf. Lemma \19\) be the unique absolutely continuous invariant probability 
measure for G. Set 

i j=0 

Then /J := fi'/fi'(I) is an ergodic, absolutely continuous f -invariant probability 
measure: 

Proof. Evident. □ 

Definition 5. The measure fi of Lemma^is said to be generated by G. 

Theorem 6. Let f : [E—i Ij —> I be a weak piecewise monotone cusp map with a 
(<j),t)-conformal measure m. Let fi be an ergodic invariant probability measure with 
positive entropy and positive finite Lyapunov exponent x^ ■ 

Suppose that Supp(/i) C Supp(m) and that there is an open interval W with 
fi(W) > and m(W) < oo. Then 

(a) hfi <txn + f <pd^i; 

(b) if P(—(f> — tlog\Df\, f) > then there is no equilibrium state with positive 
entropy and positive finite Lyapunov exponent. 

The following conditions are equivalent, 
(i) [i < m; 

(it) RD{n) = t + J(f)dn/x„; 
(in) h^ =tx^+ J <t>dn; 
(iv) the density of fj, with respect to m is bounded from below by a positive constant 

on an open interval of positive measure; 
(v) there is an expanding induced Markov map for (/, m) with integrable return 
time which generates fi. 

Should the equivalent conditions hold then P(—<f> — t\og \Df\, f) > 0, with equality 
if and only if fj, is an equilibrium state. 

If one considers piecewise monotone cusp maps rather than weak piecewise 
monotone cusp maps, then the references to positive entropy can be dropped. 

Regarding proofs, (a) is shown in Proposition [TT1 and (a) implies (b). That (JTJ) 
implies JmJ is Lemma [TU That (JTTJ) if and only if (jmj) follows from Proposition |9] 
Lemmas 1181 and 1201 show (jmj implies (jrvj and (jvj) . while by definition, (jvj) implies 
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Under some sort of transitivity assumptions, perhaps on the support of to, frvj 
will imply that /i is the unique absolutely continuous (with respect to to) invariant 
probability measure. 

While / does not have critical points, conformal measures may be supported on 
points which get mapped outside the domain of definition of /. For example, given 
a unimodal map with a conformal measure supported on the critical point and its 
backward orbit, the measure will still be conformal for the corresponding cusp map 
(with the critical point removed from the domain of definition). 

Supposing that Supp(rTi) D Supp(/i) is reasonable. For transitive maps, confor- 
mal measures usually have support equal to the entire space. For non-transitive 
maps, they will often still have support some large completely invariant set, for 
example the complement of a basin of attraction or some such. 

Another way of looking at the first statement of the theorem is that conformal 
measures can only exist for certain combinations of <j) and t, while existence of a 
conformal measure bounds the free energies of invariant probability measures. 



2. Proof 
We define the natural extension as per 13 . Let 

Y ■= {y = (2/02/12/2 • ■ •) : f(Vi+i) = Vi 6 /}■ 

Define F^ 1 : Y — > Y by F~ 1 ((y yi . . .)) := (2/12/2 - - -) - Then F' 1 is invertible 
with inverse F : F~ 1 (Y) — > Y. The projection IT : Y — >• / is defined by il : y = 
(2/02/1 ■ ■ •) ^ 2/o- Then II o F = f o II. Given any measure fj, G M.(f) there exists 
a unique _F-invariant measure ~p such that Tl*~p = \i. Moreover ~p G A4(F) and 
jleMfr 1 ) (see [17]). 

We call the triplet (Y, F, f£) the natural extension of (/, /i) (it is also called the 
Rohlin extension or the canonical extension). 

Let us remark that invariant probability measures give no mass to the sets of 
points x for which there is an n > such that f n (x) is not defined, nor do they 
give mass to the set of x for which there exists an n > and no solution x' to 
f n (x') = x. Thus, F n (y) is defined for all n S Z for Jl almost every y E Y. 

We have the following unstable manifold theorem — around almost every point 
in the natural extension one can pull back an interval along the corresponding 
branch as far as one wants with bounded distortion and exponential shrinking (and 
without meeting boundary points or discontinuities). 

Theorem 7 (Theorem 16 of 0). There exists a measurable function a on Y, 
< a < 1/2 almost everywhere, such that for Jl almost every y 6 Y there exists a 
set V y <ZY with the following properties: 

• y eV y and UV y = B(Uy,a(y)); 

• for each n > 0, f n : HF~ n V y — > TlV y is a diffeomorphism (in particular it 



• for all y' G V y 



is onto); 
1 

c 

53|tog|I>/(IIF-V)|-log|D/(IIF-*i/)|| <log2; 
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• for each rj > there exists a measurable function p on Y , < p(y) < oo 
almost everywhere, such that 

pty)- 1 ^-*) < \Df n (UF- n y)\ < p{y)e n ^ +r >\ 

In particular, \OF- n V v \ < 2p(y) e - n( - x -^ . 

With a non-trivial amount of work, one can then prove: 
Lemma 8 (Lemma 25 of [6]). Giuen any interval V of positive p-measure, there 
is a j > such that p (Ufe=o f k (V)j = 1- 

Proposition 9 (Proposition 30 of [5]). HD(/i) = h^/xn- 

Definition 10 ([8J). An open interval U is regularly returning if f n (dU) fl U = 
for all n > 0. TTiis zs also called a nice interval in the literature. 

If A is a connected component of f~ n (U) and B is a connected component of 
f~ m (U) with m > n, it is easy to check that either A n 5 = or B C A, so inverse 
images of regularly returning intervals are either nested or disjoint. Indeed, suppose 
x G dAC\B. Then /"(a;) €E dU (since / may be discontinuous, one uses that x Q B 
to know that /" is defined on a neighbourhood of x), but f m (x) £ U, contradiction. 
By Proposition 28 of [6], almost every point is contained inside arbitrarily small 
regularly returning intervals. 

Recall that W is an open interval with p.(W) > and m(W) < oo. 

Proposition 11. There exist a regularly returning interval U C W and a constant 
K > and a set A C Y with the following properties: 

• HA) >0; 

• for y e A, there is a y' G A such that y E V y > , p{y') < K, HV y > D U and 
U y :=Vy,r\Tl- 1 U(lA. 

Proof. This follows from Theorem [7] and the ubiquity of regularly returning inter- 
vals. □ 

Thus we can fix a regularly returning interval U, a corresponding set A and for 
each y E A there is a set U y C A with HU y = U. Moreoever, /" maps HF~ n U y 
diffcomorphically and with distortion bounded by 2 onto U. 

Proposition 12. There exists a measurable partition £ of Y such that, if £(y) 
denotes the element of £, containing y and e(y) the first entry time of y to A, then 

F e{v k(y) = u F c (y)y . 

For any y,y' in Y, II£(y) and H£(y') are either nested or disjoint, and £(y) and 
£,(y') are either nested or disjoint. The entropy of p is given by h^ = H(F^ 1 ^/^). 

Proof. The claim about the entropy is shown in Proposition 30 of [7]. □ 

Note that we have chosen a definition of £ corresponding to that of [7J rather 
than [6) as things are slightly simpler this way. In particular, we get uniform bounds 
in the following lemma with this definition of the partition. 

Let ip := <f> + t\og\Df\. Let 

n 

(S_„)7My):=]>>°noF- l (y). 
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Lemma 13. There are uniform (independent of n,y and y' 6 £,{y)) upper and 
lower bounds on (S- n ip)(y') - (S- n ip){y) and lim^oo ((S- n ^)(y') - (S- n ip)(y)) 
exists. 

Proof. See the proof of Lemma 31 of [7|. Exponential decrease of preimages gives 
a bound on the Holder part, and Theorem [7] takes care of the derivative part. □ 

Define $(y, •) : £(y) -> R by 

*(!/,!/'):= lim e (5-»*)(y')-(S-^)(w) ) 
so $(y, •) is uniformly bounded away from zero and infinity, from Lemma ll 31 
Lemma 14. Suppose /i is absolutely continuous with respect to m. Then h^ — 

Proof. Let V denote the generating partition {Ii, . . . ,I P } V {I \ U, U} (see Propo- 
sition 29 of [6]). Denote by V n {x) the element of V™=o f 1 ^- For ^-almost every 
x in /, there is a sequence nj — nj (x) tending to infinity for which V nj (x) is the 
projection of an element of F~ n £. It follows that, using LemmalTBIand conformality, 

\ogm(V nj (x)) 

n 

converges to tXfi + / <f>d(J,. Meanwhile, the Shannon McMillan-Breiman Theorem 
says that 

log'A* (Vn, (x)) 

n 

converges to h^ almost everywhere. Set 7 := h^ — tx^ — J (fidfi. Thus for a set 

X with n(X) = 1 and every x £ X, there are arbitrarily large n and open sets 

P„(x) C W with 



--log^(P„(x)) + -logm(P„(x)) -7 
n n 



< |7/2| 



Now < /i(X n TV), m(.X" n W) < 00. If 7 > we deduce, covering X by such sets, 
for all large N, 

H(W) = j«(X n W) < e- N ~t /2 m(W) < m(W) < 00. 

Letting N tend to infinity we deduce [i(W) = 0, a contradiction. On the other 
hand, if 7 < then similarly 

n(X nw)> e- N ~> /2 m(x n W) > m(X n W). 

Letting JV->oowe derive a contradiction with absolute continuity, as m(XnW) > 
0. □ 

Note we actually proved something extra in deriving a contradiction from 7 > 0, 
namely that h^ < tXn+J 4>d^i, which we shall reprove shortly. Also, in the proof, we 
could take our cover of X to be pairwise disjoint because of the regularly returning 
property. Even without the regularly returning property, the Besicovitch Covering 
Theorem would have done the job. 

Let p(y, •) denote the Rohlin decomposition of ~p with respect to f , so, writing 
£_„ for F~™£ for clarity, 

(2) nh^ = - / logp(y,£- n (y))dp, 
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as per (11) of [6\. We note that p(y,£-n(y)) > almost everywhere. Let 

$(y,z)dmt( y )(z) 



q{y,dz) :-- 



S m ${y,y')dmt: {y) {y'y 



where m^ty) is the pullback by ^-\^( y ) of the conformal measure m restricted to 
n£(y). Because Supp(m) D Supp(/^), and elements of £_ n project onto open inter- 
vals, q(y,t;- n (y)) > /I-almost everywhere. However, g(-, £_„(•)) may be positive 
onsets (of zero /I-measure) where £>(-,£_„(•)) is not. The function q is our best guess 
as to how p would look, were fj, absolutely continuous, informed by the change of 
variables formula and the notion that on elements of £_„ for large n, the densities 
should be almost constant. 

Lemma 15. 

(3) - / logq(y,£- n (y))d]I= n f tx^ + J (f>d(i) . 

Proof. As shown in the proof of Proposition 32 of [7] ■ Q 

Comparing q and p will, using equations (J5J| and ([3]), allow us to relate h^ and 
Xfj,- Define V on measurable subsets of Y by 



7(B)=Jq(y,B)dp(y). 



Denote by Y n the quotient space y|£_„ and by V^ and JL n the corresponding push- 
forwards of V and ~p under the quotient map. For each point V n £ Y n , we define 
q n {V n ) :— q(y, V) and p n (V n ) := p(y, V) for any y £ V C Y, where V is the element 
of £_„ which projects to V n . One can check that p n > almost everywhere with 
respect to ~p, n . 

Lemma 16. Almost everywhere with respect to ~p n . 

q n /p n = dV n /dJl n . 

Proof. Let k, c, e > 0. Let H n C Y n be a set on which p n > k > and \q n — cp n \ < e. 
Let H be the corresponding subset of Y. Then \q(y,H) — cp(y,H)\ < e/k almost 
everywhere (noting that q,p < 1). Let H* := {y : £(y) n H ^ 0}. OnF\ H* , 
q(y,H) = p(y,H) = 0, while on H* , p(y,H*) = 1 < p{y,H)/n. Integrating the 
latter gives Jl{H*) < ~p(H)/n. Writing 9 := J Y (q(y, H) — cp(y, H)) dp,, we derive 
that \0\ < eJI(H)/k 2 . Thus 



H, 



dVn 

dp n 



dp n = v n (H n )= j q(y,H)dp = 6+ / cp(y,H)dp 
= 9 + cdp 

JH 

= 8+ q n /p n dp: n + / {c-q n /p n )dpz n . 



Therefore 



dv n f . 

-i^dp n = / q n /p n dp n + e* 



H n d ^r, 



NEIL DOBBS 
.2 



for some \e*\ < /j, n (H n )2e/K . We deduce that for any set J n C Y n withp„ > k > 
on J„, 

dv n q n 



Jn 



dp n p n 



dfin < 2e/k 



Letting e and then k go to zero, the lemma follows. D 

Proposition 17. h^ < tXp-\-J <$>d\x. If equality holds, then q = p and /i is absolutely 
continuous with respect to m. 

Proof. By equations @ and ([3]), 

nihp-txp- \ <j>dn J = / log — rfM„ < log / — dp n , 

\ J J Jy n Pn Jy n Pn 

the latter by concavity of logarithm. But by Lemma 1161 the latter expression 
is bounded above by logI7^(Y) = (it may be negative if there is a set S with 
-p n (S) = and V(S) > 0). Thus, 

ha < tXn + / <pdfJ- 

Equality can only hold if q n — p n almost everywhere. If this holds for all n, then 
q = p almost everywhere, so fi is absolutely continuous. D 

Lemma 18. Suppose h^ = tXfj, + / 4>dfi. Then the density of \i with respect to m 
is bounded away from zero on the inteval U . 

Proof. We have ~p(B) > 0. For y £ A, the Rohlin decomposition p(y, •) = q(y, ■) 
has density on £(y) uniformly bounded away from zero, from the definition of q. 
Let ~p A denote the restriction of ~fi to A. The measure IL^a therefore has density 
bounded away from zero. For any C C U , /u(C) > H*JI A (C) and so /im also has 
density bounded away from zero. □ 

Lemma 19. Let G be an expanding induced Markov map for (/, m) with range W . 
Then there is an ergodic absolutely continuous G-invariant probability measure v 
with density uniformly bounded away from zero and infinity m-almost everywhere 
on W. 

Proof. See Lemma 35 of [7] for the proof, which is a little more involved than the 
standard Folklore Lemma. □ 

Lemma 20. Suppose h u = iX/i+J 4>d[i. There exists an expanding induced Markov 
map for (/, m) with integrable return time which generates \i. 

Proof. See Proposition 34 of [7] for the proof. □ 
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